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Abstract
We construct an iterative procedure to compute the vertex operators of the closed
superstring in the covariant formalism given a solution of IIA/IIB supergravity. The
manifest supersymmetry allows us to construct vertex operators for any generic background
in presence of Ramond-Ramond (RR) fields. We extend the procedure to all massive states
of open and closed superstrings and we identify two new nilpotent charges which are used
to impose the gauge fixing on the physical states. We solve iteratively the equations of
the vertex for linear x-dependent RR field strengths. This vertex plays a role in studying
non-constant C-deformations of superspace. Finally, we construct an action for the free
massless sector of closed strings, and we propose a form for the kinetic term for closed
string field theory in the pure spinor formalism.
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1. Introduction
Motivated by the increasing interest in the covariant techniques for computation of
the amplitudes in string theory, we provide a calculation scheme for vertex operators in
pure spinor approach string theory in 10 dimensions [1,2]. The covariant methods turned
out to be superior in order to derive manifest super-Poincare´ invariant effective actions
and to handle generic backgrounds (for example with RR fields such as AdS5 × S5 and
pp-waves) avoiding, for instance, GSO projections, sums over spin structures and light-
cone contact terms. However, since the amount of symmetries that are manifest in the
covariant formulation increases, also the number of auxiliary fields increases and a useful
technique to compute the basic ingredients is needed. Here we provide such a procedure
and some applications. First of all we give a brief review of the open superstring formalism,
we explain the main idea and we outline the rest of the paper.
In the case of the open superstring, the massless sector is described by a vertex
operator V(1) = λαAα at ghost number one where λα is a pure spinor (defined in appendix
A) and Aα(x, θ) is the spinorial component of the superconnection. The superfield Aα is
completely expressed in terms of the gauge field am(x) and the gluino ψ
α(x), for example
as
Aα(x, θ) =
1
2
(γmθ)αam(x) +
1
3
(γmθ)α(γmθ)γψ
γ(x) +O(θ3). (1.1)
The vertex operator V(1) belongs to the cohomology of the BRST charge Q = ∫ dσλαdσα,
where dσα is defined in app. A, if and only if the components of Aα satisfy the linear
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Maxwell and Dirac equations
∂m(∂man − ∂nam) = 0 , γmαβ∂mψβ = 0 . (1.2)
The contributions O(θ3) are given in terms of the derivatives of am and ψ and are com-
pletely fixed by the equations of motion
D(αAβ) − γmαβAm = 0 (1.3)
given in [3], where Am is the vectorial part of the superconnection and Dα = ∂α +
1
2 (γ
mθ)α∂m is the superderivative. The lowest components of Aα in (1.1) are eliminated
by a gauge fixing condition.
Even though the computation of all terms in the expansion of Aα seems a straight-
forward procedure, technically it is rather involved. However, there exists a powerful
technique which simplifies the task. The main idea is to choose a suitable gauge fixing
such as for instance
θαAα(x, θ) = 0 , (1.4)
which reduces the independent components in the superfield Aα. This choice
3 fixes part
of the super-gauge transformation δAα = DαΩ, where Ω is a scalar superfield with ghost
number zero. To reach the gauge (1.4), we have to impose θα(Aα+δAα) = 0, which implies
that θαDαΩ = −θαAα. Expanding Ω as Ω =
∑
n≥0 Ω[α1...αn]θ
α1 . . . θαn , all components
with n ≥ 1 are fixed except the lowest component Ω0, which corresponds to the usual
bosonic gauge transformation of Maxwell theory.
Acting withDα on (1.4) and using the equations of motion (1.3), one gets the recursive
relations
(1 +D)Aα = (γ
mθ)αAm
DAm = (γmθ)γW
γ
DWα = −1
4
(γmnθ)αFmn
DFmn = −(γ[mθ)γ∂n]W γ
(1.5)
where D ≡ θα∂α. So, given the zero-order component of Am, we can compute the order-θ
component of Aα. The same can be done for Am, the spinorial field strength W
α and the
bosonic curvature Fmn = ∂[mAn] making use of the other three equations. This renders
3 The following gauge condition has a counterpart in bosonic string theory: xmAm(x) = 0.
This fixes the gauge invariance under δAm = ∂mω(x) and it coincides with the Lorentz gauge in
momentum space ∂pµ A˜m = 0. The gauge fixing yields the equation (1+x
n∂n)Am = x
nFmn which
can be solved directly by inverting (1+xn∂n) and obtaining Am =
∫ x
d26y[(1+yp∂p)
−1(ynFmn(y)].
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the task of computing all components of Aα in terms of initial data Am(x) = am(x)+O(θ)
and Wα(x) = ψα(x)+O(θ) a purely algebraic problem ([4] and [5]). Moreover, one is able
to compute all components of the superfields appearing in the (descent) ghost-number-zero
vertex operator V(0)σ
V(0)σ = ∂σθαAα +Πmσ Am + dσαWα +
1
2
Nmnσ Fmn , (1.6)
which satisfies the descent equation [Q,V(0)σ ] = ∂σV(1). Here σ is the boundary worldsheet
coordinate and Nmnσ =
1
2wσγ
mnλ is the pure spinor part of the Lorentz current. The
operators Πmσ and dσα are the supersymmetric line element and the fermionic constraint
of the Green-Schwarz superstring [6], respectively.
In the present paper, we apply the same technique to IIA/IIB supergravity. We start
from the vertex operators for closed superstrings, we derive the complete set of equations
from the BRST cohomology, we define all curvatures and gauge transformations. Then, we
impose a set of gauge fixing conditions to remove the lowest components of the superfields
and we derive an iterative procedure to compute all components. We show that we need
a further gauge fixing to fix the reducible gauge symmetries and we show that all chosen
gauges can indeed be reached.
The procedure for closed strings is original by itself, but, more importantly, the present
analysis leads to a generalization of (1.4) to all vertex operators, associated to both massless
and massive states. Indeed, we will show that the gauge fixing (1.4) can be written in terms
of a new nilpotent charge K (with negative ghost number) as follows
{K,V(1)} = 0 . (1.7)
This imitates the Siegel gauge in string field theory. When restricted to massless states, this
generalized gauge fixing condition reduces to the gauge fixing (1.4) for open superstrings
and to the corresponding gauge fixing for closed strings discussed in the text. When
applied to massive states, (1.7) also leads to a suitable gauge fixing. In the paper, we
explicitly derive the gauge conditions for the first massive state for the open superstring.
Again, (1.7) fixes all auxiliary fields in terms of the physical on-shell data and eliminates
the lowest components.
As an application of the computation technique we calculate the vertex operator of
linear x-dependent RR field strength. This amounts to expanding the superfields for closed
strings up to fourth order in powers of both θ and θˆ (where the hatted quantities refer
to the right-moving sector of the theory). This new vertex operator is the starting point
for studying x-dependent C-deformations which might give new insight in the superspace
structure of supergravity [7].
As pointed out in [8,9,10], in the RNS framework [11] vertex operators in the asymmet-
ric picture are very useful to study the dynamics of D-branes. In fact, in the asymmetric
3
picture the vertex operator is not only expressed in terms of the RR field strength, but
it is also parametrized by the RR potential. The analysis in [8] shows that the off-shell
vertex operators directly couple the RR potentials to the worldvolume of the D-brane.
We present a new method to relax the superspace constraints by adding new auxiliary
fields and constructing the corresponding vertex operators. 4 We show that it leads to a
deformation of the superspace constraints (that, in 10 dimensions, force the physical fields
to be on-shell), generalizing the method presented in [13] for N=1 D=10 SYM theory [14].
The gauge transformations are studied and the vertex operators are expressed in terms of
the RR potential.
In the present paper we only consider deformations (vertex operators) at first order in
the coupling constant, neglecting the backreaction of background fields. For the complete
sigma model for open, closed and heterotic strings see for example [15] and the one-loop
computations [16].
The linearized form of supergravity equations written in terms of the BRST charges
of the pure spinor sigma model gives us the framework to analyze some aspects of closed
string field theory action. As is well-known, the action for closed string field theory has
to take into account the presence of selfdual forms (for example the five form in type IIB
supergravity). This can be done either by breaking explicitly the Lorentz invariance, or by
admitting an infinite number of fields in the action [17]. We show that this action can be
indeed constructed mimicking the bosonic closed string field theory action discussed in [18]
(and in the references therein). We show that we can easily account for new fields which
nevertheless do not propagate, and we check that the action has the correct symmetries
leading to the complete BV action for type IIA/IIB supergravity.
In section 2, we derive the complete set of descent equations for vertex operators of
closed superstrings and their gauge transformations. Moreover, we derive the consistency
conditions for the gauge parameters. In section 3, we compute the complete set of equa-
tions in superspace and the equations of motion for the physical fields. In section 4, we
construct the gauge transformations in terms of “physical” gauge parameters and we pro-
vide the gauge fixing conditions. Section 5 deals with the iterative procedure to extract
the relations among supergravity fields and auxiliary fields. In section 6, we generalize the
gauge conditions to massive states and we study the first massive state. The form of the
vertex for non constant RR fields is given in section 7. Section 8 deals with an off-shell
formulation of closed string vertex operators. Finally, in section 9 we make a proposal
for the kinetic terms of a string field theory action for closed strings. In appendix A,
we give some basic formulas for pure spinor superstring theory. In appendix B, we give
the expansion of the auxiliary superfields up to order two in both fermionic coordinates,
4 The construction of vertices with RR potentials in covariant formulation has been also dis-
cussed in [12]. There the authors consider constant RR potentials.
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obtained by solving the iterative equations presented in section 5. In appendix C part of
the superfields needed in the computation of the vertex for a linear x-dependent RR field
strength are given.
2. Vertex Operators for Closed Superstrings
To compute correlation functions we need not only the ghost number (1, 1) local
vertex V(1,1) , but we also need the integrated vertex operators ∫ dz V(0,1)z , ∫ dz¯ V(1,0)z¯ ,
and
∫
dz ∧ dz¯ V(0,0)zz¯ . They satisfy the descent equations which we are going to discuss.
Introducing the notation O(a,b)c,d for local vertex operators with ghost number a(b) in
the left (right) sector and (anti)holomorphic indices c(d), we identify
O(1,1)0,0 = V(1,1) , O(0,1)1,0 = V(0,1)z dz , O(1,0)0,1 = V(1,0)z¯ dz¯ , O(0,0)1,1 = V(0,0)zz¯ dz∧dz¯ . (2.1)
The descent equations read5
[QL,O(a,b)c,d ] = ∂O(a+1,b)c−1,d , [QR,O(a,b)c,d ] = ∂¯O(a,b+1)c,d−1 , (2.2)
where ∂ = dz∂z and ∂¯ = dz¯∂z¯ are the holomorphic and antiholomorphic differentials. QL
and QR are the BRST charges for holomorphic and antiholomorphic sectors, satisfying the
anticommutation relation [QL, QR] = 0 (for their explicit form in terms of sigma model
fields, see app. A). More explicitly, at the first level we have
[QL,V(1,1)] = 0 , [QR,V(1,1)] = 0 , (2.3)
while at the next level we get
[QL,V(0,1)z ] = ∂zV(1,1) , [QR,V(0,1)z ] = 0 , (2.4)
[QR,V(1,0)z¯ ] = ∂z¯V(1,1) , [QL,V(1,0)z¯ ] = 0 ,
and, finally,
[QL,V(0,0)zz¯ ] = ∂zV(1,0)z¯ , [QR,V(0,0)zz¯ ] = −∂z¯V(0,1)z . (2.5)
The vertex operators O(a,b)c,d are expanded in powers of ghost fields λα and λˆαˆ or in powers
of the supersymmetric holomorphic and antiholomorphic 1-forms
Xz =
(
∂zθ
α, Πmz , dzα,
1
2
Nmnz
)
, Xˆz¯ =
(
∂z¯ θˆ
βˆ , Πˆpz¯ , dˆz¯βˆ ,
1
2
Nˆ
pq
z¯
)
. (2.6)
5 We use the square backets to denote both commutation and anti-commutation relations. The
difference is established by the nature of the operators involved in the relations.
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The explicit expression of these 1-form operators in terms of sigma model fields is given in
appendix A. The coefficients are superfields of the coordinates xm, θα and θˆαˆ. A further
relation is obtained by acting from the left on the first equation of (2.5) with QR or on the
second with QL. Using eqs. (2.4) and the commutation relations (A.3), one obtains
[QR, [QL,V(0,0)zz¯ ]] = ∂z∂z¯V(1,1) , (2.7)
which turns out to be useful for the explicit computations in sec. 3.
Equations (2.3), (2.4), and (2.5) are invariant under the gauge transformations given
by
δV(1,1) = [QL,Λ(0,1)] + [QR,Λ(1,0)]
δV(1,0)z¯ = [QL, τ (0,0)z¯ ] + ∂z¯Λ(1,0) , δV(0,1)z = [QR, τ (0,0)z ] + ∂zΛ(0,1) (2.8)
δV(0,0)zz¯ = ∂zτ (0,0)z¯ − ∂z¯τ (0,0)z
where the zero forms Λ(0,1) and Λ(1,0) have ghost number (1, 0) and (0, 1) and are propor-
tional to λα and λˆαˆ, and the coefficients are superfields. The holomorphic and antiholo-
morphic 1-forms τ
(0,0)
z and τ
(0,0)
z¯ are to be expanded in terms of powers of the 1-forms Xz
and Xˆz¯ given in (2.6) and their coefficients are again superfields.
In addition, the gauge parameters Λ(0,1), Λ(1,0), τ
(0,0)
z and τ
(0,0)
z¯ must satisfy the
following consistency conditions
[QL,Λ
(1,0)] = 0 [QR,Λ
(0,1)] = 0 , (2.9)
and
[QL, τ
(0,0)
z ] + ∂zΛ
(1,0) = 0 [QR, τ
(0,0)
z¯ ] + ∂z¯Λ
(0,1) = 0 . (2.10)
These equations resemble the descent equations for the open string vertex operator V(1) =
λαAα, but in that case there are boundary conditions for the fermionic fields: θ
α(z) = θˆαˆ(z)
at z = z¯.
Equations (2.9) and (2.10) are further invariant under the gauge transformations
δΛ(1,0) = [QL,Υ
(0,0)] , δΛ(0,1) = [QR, Υˆ
(0,0)] , (2.11)
δτ (0,0)z = −∂zΥ(0,0) , δτ (0,0)z¯ = −∂z¯Υˆ(0,0) .
where Υ(0,0) and Υˆ(0,0) are generic superfields. However, consistency with (2.8) imposes
Υ(0,0) = Υˆ(0,0). The superfield Υ(0,0) will be useful to define a suitable gauge fixing
procedure and to take into account the reducible gauge symmetry of the NS-NS two form
of 10-dimensional supergravity.
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To derive equations (2.4) we can view the vertex operators V(0,1)z and V(1,0)z¯ as defor-
mations of the BRST charges (A.2)
QL → QL +
∮
dz¯ V(1,0)z¯ , QR → QR +
∮
dz V(0,1)z , (2.12)
and the vertex operator V(0,0)zz¯ as the deformation of the action
S → S +
∫
dzdz¯ V(0,0)zz¯ . (2.13)
Eqs. (2.3) are derived by requiring the nilpotency of the new charges and their anticom-
mutation relations.
In terms of the vertex operators O(a,b)c,d , the amplitudes on the sphere are defined in
[19] as
An+3 =
〈〈
V(1,1)(z1, z¯1)V(1,1)(z2, z¯2)V(1,1)(z3, z¯3)
∏
n
∫
dzdz¯V(0,0)
〉〉
(2.14)
where the three unintegrated vertex operators are needed to fix the SL(2,C) invariance
on the sphere. An unintegrated vertex V(1,1)(z1, z¯1) can be replaced by a product of (1, 0)
and (0, 1) vertices
∮
dzV(0,1)z
∮
dz¯V(1,0)z¯ which has the same total ghost number and the
same total conformal spin as the original vertex V(1,1). In [19] supersymmetry and gauge
invariance were proven under the assumption that the prescription for the zero modes is
the following
〈〈V(3,3)〉〉 = 1 (2.15)
where
V(3,3) = (λ0γmθ0λ0γnθ0λ0γpθ0θ0γmnpθ0)(λˆ0γmθˆ0λˆ0γnθˆ0λˆ0γpθˆ0θˆ0γmnpθˆ0) .
3. Equations of Motion
In the present section we derive the equations of motion for the massless background
fields in superspace from the BRST cohomology of the superstring. Let us start from the
simplest equations (2.3) for the vertex V(1,1) whose general expression is
V(1,1) = λαAαβˆ λˆβˆ . (3.1)
The superfield Aαβˆ(x, θ, θˆ) satisfies the equations of motion [3]
γαβmnopqDαAββˆ = 0 , γ
αˆβˆ
mnopqDαˆAαβˆ = 0 , (3.2)
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where γαβmnopq is the antisymmetrized product of five gamma matrices. The pure spinor
conditions imply that only the 5-form parts of the DαAββˆ and DαˆAαβˆ are indeed con-
strained [1]. By using Bianchi identities, one can show that they yield the type IIA/IIB
supergravity equations of motion at the linearized level. All auxiliary fields present in the
superfield Aαβˆ are fixed by eqs.(3.2).
As outlined before, one can use different types of vertices to simplify the computations.
Integrated vertices are written in terms of a huge number of different superfields, whose
components are completely fixed by the equations of motion. As a result, these vertices
are quite complicated espressions.
The set of superfields needed to compute V(0,0), . . . ,V(1,1) can be grouped into the
following matrix
A =


Aαβˆ Aαp E
βˆ
α Ωα,pq
Amβˆ Amp E
βˆ
m Ωm,pq
Eα
βˆ
Eαp P
αβˆ Cαpq
Ωmn,βˆ Ωmn,p C
βˆ
mn Smn,pq

 (3.3)
The first components of Amp, E
βˆ
m , E
α
p and P
αβˆ are identified with the supergravity
fields as follows
Amp = gmp + bmp + ηmpφ+O(θ, θˆ) , (3.4)
E βˆm = ψ
βˆ
m +O(θ, θˆ) , Eαp = ψαp +O(θ, θˆ) ,
Pαβˆ = fαβˆ +O(θ, θˆ) .
The fields gmn, bmn, φ, ψ
α
p, ψ
βˆ
m and f
αβˆ are the graviton, the NS-NS two-form, the
dilaton, the two gravitinos (the gamma-traceless part of ψαp, ψ
βˆ
m ), the two dilatinos (the
gamma-trace part of ψαp, ψ
βˆ
m ) and the RR field strengths. IIA and IIB differ in the
chirality of the two spinorial indices α and αˆ. This changes the type of RR fields present
in the spectrum. The first components of the superfields Ωm,pq (Ωmn,p), C
β
mn (C
α
pq)
and Smn,pq are identified with the linearized gravitational connection Γ
t
rs, the curvature of
the gravitinos and the linearized Riemann tensor, respectively. The remaining superfields
are the spinorial partners of the above superfields. In ten dimensions, the superspace
constraints together with the Bianchi identities imply the supergravity equations of motion
[20]. Those constraints are given in terms of the spinorial components Aαβˆ , Aαp, E
βˆ
α and
Ωα,pq. The structure of superspace formulation of type IIA and IIB supergravity in the
present framework is also discussed in [15].
Given the vectors Xz and Xˆz¯ (see (2.6)) we can explicitly write the vertex operator
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V(0,0)zz¯ = XTzAXˆz¯ as
V(0,0)zz¯ = ∂zθα Aαβˆ ∂z¯ θˆβˆ + ∂zθα Aαp Πˆpz¯ +Πmz Amβˆ ∂z¯ θˆβˆ +Πmz Amp Πˆpz¯
+ dzα E
α
βˆ
∂z¯ θˆ
βˆ + dzα E
α
p Πˆ
p
z¯ + ∂zθ
α E βˆα dˆz¯βˆ +Π
m
z E
βˆ
m dˆz¯βˆ + dzα P
αβˆ dˆz¯βˆ
+
1
2
Nmnz Ωmn,βˆ ∂z¯θˆ
βˆ +
1
2
Nmnz Ωmn,p Πˆ
p
z¯ +
1
2
∂zθ
α Ωα,pqNˆ
pq
z¯ +
1
2
Πmz Ωm,pqNˆ
pq
z¯
+
1
2
Nmnz C
βˆ
mn dˆz¯βˆ +
1
2
dzα C
α
pq Nˆ
pq
z¯ +
1
4
Nmnz Smn,pq Nˆ
pq
z¯
(3.5)
From equations (2.3), (2.4), (2.5) and (2.7) in the previous section we derive the
complete set of equations for the background fields
( 12 ,
1
2
, 1
2 ) DαAβγˆ +DβAαγˆ − γmαβAmγˆ = 0 DˆαˆAβγˆ + DˆγˆAβαˆ − γmαˆγˆAβm = 0
( 12 ,
1
2
,1) DαAmβˆ − ∂mAαβˆ − γmαγEγ βˆ = 0 DˆαˆAβp − ∂pAβαˆ − γpαˆγˆE
γˆ
β = 0
( 12 ,
1
2
,1) DαAβp +DβAαp − γmαβAmp = 0 DˆαˆAmβˆ + DˆβˆAmαˆ + γpαˆβˆAmp = 0
( 12 ,
1
2
, 3
2 ) DαE
β
γˆ −
1
4
(γmn) βα Ωmn,γˆ = 0 DˆαˆE
γˆ
β −
1
4
(γpq) γˆαˆ Ωβ,pq = 0
( 12 ,
1
2
, 3
2 ) DαE
γˆ
β +DβE
γˆ
α − γmαβE γˆm = 0 DˆαˆEβ γˆ + DˆγˆEβ αˆ − γp αˆγˆEβ p = 0
( 12 ,1,1) DαAmp − ∂mAαp − γmαγEγ p = 0 DˆαˆAmp + ∂pAmαˆ + γpαˆβˆE βˆm = 0
( 12 ,
3
2
,1) DαE
β
p −
1
4
(γmn) βα Ωmn,p = 0 DˆαˆE
βˆ
m +
1
4
Ωm,pq(γ
pq) βˆαˆ = 0
( 12 ,
3
2
,1) DαE
βˆ
m − ∂mE βˆα − γmαγP γβˆ = 0 DˆαˆEβ p − ∂pEβ αˆ − γpαˆγˆP βγˆ = 0
( 12 ,
1
2
,2) DαΩβ,pq +DβΩα,pq − γmαβΩm,pq = 0 DˆαˆΩmn,βˆ + DˆβˆΩmn,αˆ + γpαˆβˆΩmn,p = 0
( 12 ,
3
2
, 3
2 ) DαP
βγˆ − 1
4
(γmn) βα C
γˆ
mn = 0 DˆαˆP
βγˆ − 1
4
(γpq) γˆαˆ C
β
pq = 0
( 12 ,1,2) DαΩm,pq − ∂mΩα,pq − γmαγCγ pq = 0 DˆαˆΩmn,p + ∂pΩmn,αˆ + γpαˆβˆC βˆmn = 0
( 12 ,
3
2
,2) DαC
β
pq −
1
4
(γmn) βα Smn,pq = 0 DˆαˆC
βˆ
mn +
1
4
(γpq) βˆαˆ Smnpq = 0
(3.6)
where the labels (a, b, c) denote the scaling dimensions of the generators of the ex-
tended super-Poincare´ algebra ([21] and [22]) which the equations belong to.
Moreover, one obtains the following eight equations, which do not provide further
information, since they are implied by (3.6) and pure spinor conditions given in app. A
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NmnλγDγΩmn,βˆ = 0 λˆ
γˆDˆγˆΩα,mnNˆ
mn = 0
NmnλγDγΩmn,p = 0 λˆ
γˆDˆγˆΩm,pqNˆ
pq = 0
NmnλγDγC
βˆ
mn = 0 λˆ
γˆDˆγˆC
α
mnNˆ
mn = 0
NmnλγDγSmn,pqNˆ
pq = 0 NmnλˆγˆDˆγˆSmn,pqNˆ
pq = 0
(3.7)
Since we assumed that the superfields Ωmn,p,Ωm,pq, C
βˆ
mn , C
α
pq and Smn,pq correspond
to the linearized curvatures of the connections, we can derive new equations needed for
the iterative procedure outlined in the introduction. By contracting equations (3.6) with
respect to the bosonic derivative and antisymmetrizing the bosonic indices, one obtains
DαΩmn,βˆ = ∂[mγn]αγE
γ
βˆ
DˆβˆΩα,pq = ∂[pγq]βˆγˆE
γˆ
α
DαΩmn,p = ∂[mγn]αγE
γ
p DˆβˆΩm,pq = −∂[pγq]βˆγˆE γˆm
DαC
βˆ
mn = ∂[mγn]αγP
γβˆ DˆβˆC
α
pq = ∂[pγq]βˆγˆP
αγˆ
DαSmn,pq = ∂[mγn]αγC
γ
pq DˆβˆSmn,pq = −∂[pγq]βˆγˆC γˆmn
(3.8)
(we define a[mbn] = ambn − anbm). The identification of the superfields Ωmn,p, Ωm,pq,
C βˆmn , C
α
pq and Smn,pq with the linearized curvatures is automatically derived in the
formalism [2], and equations (3.8) are the usual Bianchi identities.
In order to show that the above equations imply the supergravity equations of motion
we proceed as follows. We first consider the third line of (3.8) and the ( 12 ,
3
2 ,
3
2) line of
(3.6), that we recall for the reader convenience
DαP
βγˆ − 1
4
(γmn) βα C
γˆ
mn = 0 DˆαˆP
βγˆ − 1
4
(γpq) γˆαˆ C
β
pq = 0
DαC
βˆ
mn = ∂[mγn]αγP
γβˆ DˆβˆC
α
pq = ∂[pγq]βˆγˆP
αγˆ
(3.9)
Acting with γmασ∂m on P
σβˆ and using the commutation relations of the D’s, one gets
γmασ∂mP
σβˆ = (DαDσ +DσDα)P
σβˆ =
1
4
(γmn) σα DσC
βˆ
mn , (3.10)
= −1
2
(γmn) σα γmσγ∂nP
γβˆ =
9
2
γmασ∂mP
σβˆ
Here we also used the first equation of (3.9) and DαP
αβˆ = 0 (which follows from (3.9)).
In the second line we used the first equation in the second line on (3.9) and the identity
(γmnγm)αβ = −9γnαβ . By performing the same manipulations on the hatted quantities we
derive the equations
γmασ∂mP
σβˆ = 0 , γmαˆσˆ∂mP
ασˆ = 0 . (3.11)
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Decomposing Pαβˆ in terms of Dirac matrices, it is straightforward to show that (3.11)
implies the equations of motion for the RR fields.
Acting again with γαγn Dα on (3.11) and using equations (3.9) one gets
0 = γαγn γ
m
αβ∂mDγP
ββˆ = (γnγ
m)γβ(γ
pq)βγ∂mC
βˆ
pq = ∂
mC βˆmn , (3.12)
and analogously for Cαpq. These equations are the Maxwell equations for the curvature of
the gravitinos. They are not enough to describe the dynamic of gravitinos and we have to
invoke new equations coming from the second line of (3.8) and the ( 12 ,
3
2 , 1) line of (3.8).
Applying γmασ∂m on E
σ
p and with γ
p
αˆσˆ∂p on E
σˆ
m , the same algebraic manipulations
yield
γmασ∂mE
σ
p = 0 , γ
p
αˆσˆ∂pE
σˆ
m = 0 . (3.13)
which are the Dirac equations for the gravitinos. These equations are gauge invariant
under the gauge transformations discussed in the next section since the gauge parameters
have to satisfy a field equation. In addition, as above, we find the equations
∂mΩmn,p = 0 , ∂
pΩm,pq = 0 , (3.14)
which are, at the lowest component of the superfield Ωmn,p and Ωm,pq, the equations of
motion of the graviton, the dilaton and the NS-NS form
∂m(∂[mgn]p + ∂[mbn]p + ηp[n∂m]φ) = 0 , (3.15)
∂p(∂[pg|m|q] + ∂[pb|m|q] + ηnm[q∂p]φ) = 0 .
Pursuing this line of reasoning, one can derive similar equations for Eβ αˆ, E
βˆ
α ,Ωmn,γˆ
and Ωα pq, which guarantee that the fields are either pure gauge or auxiliary fields. Finally,
by studying the last line of (3.8) and the line ( 12 ,
3
2 , 2) of (3.6), one derives new equations
for Cβ pq, C
βˆ
mn and Smn,pq, which do not give further information since they are implied
by the previous ones.
4. Gauge Transformations and Gauge Fixing
In order to solve the equations of motion (3.6) and (3.8) it is convenient to choose a
suitable gauge. Indeed, for supersymmetric theories, the large amount of auxiliary fields
can be reduced by choosing the Wess-Zumino gauge. We first discuss the general structure
of the gauge transformations (2.8), we then provide a gauge fixing and we finally check
that this gauge can be reached. In the present framework, the gauge parameters Λ(0,1),
Λ(1,0), τ
(0,0)
z and τ
(0,0)
z¯ satisfy equations (2.9) and (2.10) and they are defined up to the
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gauge transformation (2.11). This additional gauge invariance is fixed by a further gauge
fixing.
The general structure of the gauge parameters Λ(0,1), Λ(1,0), τ
(0,0)
z and τ
(0,0)
z¯ is given
by
Λ(1,0) = λαΘα Λ
(0,1) = Θˆαˆλˆ
αˆ , (4.1)
and
τ (0,0)z = ∂zθ
αΞα +Π
m
z Σm + dzαΦ
α +
1
2
Nmnz Ψmn
τ
(0,0)
z¯ = Ξˆαˆ∂z¯ θˆ
αˆ + ΣˆpΠˆ
p
z¯ + Φˆ
αˆdˆz¯αˆ +
1
2
ΨˆpqNˆ
pq
z¯ .
(4.2)
where Θα, . . . , Ψˆmn are superfields in the variables x
m, θα, and θˆαˆ. In terms of these
superfields, eq. (2.9) gives
(γmnpqr)αβDβΘα = 0 (γ
mnpqr)αˆβˆDˆβˆΘˆαˆ = 0 , (4.3)
while eq. (2.10) gives
Θα + Ξα = 0 Θˆαˆ − Ξˆαˆ = 0
DαΘβ −DβΞα + γmαβΣm = 0 DˆαˆΘˆβˆ + DˆβˆΞˆαˆ + γpαˆβˆΣˆp = 0
DαΣm + ∂mΘα − γmαβΦβ = 0 DˆαˆΣˆp + ∂pΘˆαˆ + γpαˆβˆΦˆβˆ = 0
DαΦ
β − 1
4
(γmn) βα Ψmn = 0 DˆαˆΦˆ
βˆ +
1
4
(γpq)
βˆ
αˆ Ψˆpq
NmnλγDγΨmn = 0 λˆ
γˆDˆγˆΨˆpqNˆ
pq = 0 .
(4.4)
These equations look like the superspace field equations for SYM theory (cf. sec. 1), how-
ever the superfields Θα,Σm,Φ
α and Ψmn and the corresponding hatted quantities depend
on xm, θα and θˆαˆ. Therefore, the eqs. (4.4) are not sufficient to determine completely the
components of those superfields. The free independent components are indeed the gauge
parameters. We also notice that the last pair of equations is trivial when the previous
equations and the pure spinor conditions are imposed. Finally, because of the similarity
with SYM case, it is quite natural to impose the condition that Ψmn and Ψˆpq are the lin-
earized curvatures of Σm and Σˆp. Again, this assumption is automatic in [2]. The gauge
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transformations of the superfields in V(0,0)zz¯ are given by
( 12 ,
1
2) δAαβˆ = DαΞˆβˆ + DˆβˆΘα
( 12 ,1) δAαp = ∂pΘα +DαΣˆp; δAmβˆ = ∂mΘˆβˆ + DˆβˆΣm
(1,1) δAmp = ∂mΣˆp − ∂pΣm
( 32 ,
1
2) δEα
βˆ
= −DˆβˆΦα; δE βˆα = DαΦˆβˆ
( 32 ,1) δEαp = −∂pΦα; δE βˆm = ∂mΦˆβˆ
( 12 ,2) δΩα,pq = DαΨˆpq; δΩmn,βˆ = DˆβˆΨmn
(1,2) δΩm,pq = ∂mΨˆpq; δΩmn,p = −∂pΨmn
( 32 ,
3
2) δPαβˆ = 0
( 32 ,2) δCαpq = 0; δC
βˆ
mn = 0
(2,2) δSmn,pq = 0 .
(4.5)
From these equations, we easily see that the superfields Pαβˆ, Cαpq, C
βˆ
mn and Smn,pq
are indeed gauge invariant, as expected, being linearized field strengths. At zero order
in θ and θˆ eq. (4.5) gives the gauge transformations of supergravity fields. For example,
the first components of Σˆp = ζp + ξp + O(θ, θˆ) and Σm = ζm − ξm + O(θ, θˆ) are to be
identified with the parameters of diffeomorphisms δgmp = ∂mξp+∂pξm and with the gauge
transformations of the NS-NS form δbmp = ∂mζp − ∂pζm. So, the zero-order terms of the
gauge parameter superfields Θα, Σm, Φ
α and of the corresponding hatted quantities are
Θα = O(θ, θˆ); Θˆβˆ = O(θ, θˆ)
Σm = ζm − ξm +O(θ, θˆ); Σˆp = ζp + ξp +O(θ, θˆ)
Φα = ϕα +O(θ, θˆ); Φˆβˆ = ϕˆβˆ +O(θ, θˆ)
(4.6)
Furthermore, the large amount of gauge parameters allows us to choose the gauge
θαAαβˆ = 0 Aαβˆ θˆ
βˆ = 0
θαAαp = 0 Amβˆ θˆ
βˆ = 0
θαE βˆα = 0 E
α
βˆ
θˆβˆ = 0
θα Ωα,pq = 0 Ωmn,βˆ θˆ
βˆ = 0 .
(4.7)
Indeed, we have at our disposal the parameters Θα,Σm,Φ
α and Ψmn and the corresponding
hatted quantities to impose the gauge (4.7). Before showing that the gauge can be reached
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we have to notice that the transformations (4.5) and the equations (4.3) are invariant
under the residual gauge transformations (2.11)
δΘα = DαΩ δΞˆβˆ = DˆβˆΩ
δΣm = −∂mΩ δΣˆp = −∂pΩ
δΦα = 0 δΦˆβˆ = 0
δΨmn = 0 δΨˆpq = 0 ,
(4.8)
depending on the scalar superfield Υ(0,0) = Υˆ(0,0) ≡ Ω. This requires an additional gauge
fixing
θαΘα + θˆ
βˆΞˆβˆ = 0 . (4.9)
To show that the gauge choice (4.7) can be reached by the gauge transformations
(4.5), we have to solve, for instance, the equations
θα(Aαβˆ + δAαβˆ) = 0 , (Aαβˆ + δAαβˆ)θˆ
βˆ = 0 , (4.10)
and analogously for all other gauge conditions (4.7). By using the properties of the su-
perderivative, gauge fixing (4.9), consistency conditions (4.4), and by defining the operators
D ≡ θαDα = θα ∂
∂θα
, Dˆ ≡ θˆβˆDˆβˆ = θˆβˆ
∂
∂θˆβˆ
, (4.11)
we get the following recursive equations
(1 +D+ Dˆ)Θα = −Aαβˆ θˆβˆ − (γmθ)αΣm (1 +D+ Dˆ)Θˆβˆ = −θαAαβˆ − (γpθˆ)βˆΣˆp
(D+ Dˆ)Σm = Amβˆ θˆ
βˆ + (γmθ)βΦ
β (D+ Dˆ)Σˆp = −θαAαp − (γpθˆ)γˆΦˆγˆ
(D+ Dˆ)Φα = Eα
βˆ
θˆβˆ − 1
4
(γmnθ)αΨmn (D+ Dˆ)Φˆ
βˆ = −θαE βˆα +
1
4
(γpqθˆ)βΨˆpq
(D+ Dˆ)Ψmn = Ωmn,βˆ θˆ
βˆ − (γ[mθ)γ∂n]Φγ (D+ Dˆ)Ψˆpq = −θαΩα,pq + (γ[pθˆ)γˆ∂q]Φˆγˆ .
(4.12)
The operator (D+Dˆ) acts on homogeneous polynomials in θα and θˆαˆ by multiplication by
the degree of homogeneity and it does not change its degree. Therefore, the relations (4.12)
are recursive in powers of θ and θˆ. They can be solved algebraically given Aαβˆ, . . . ,Ωα,pq
order by order in θ and θˆ and this proves that the gauge can indeed be imposed. Of course,
to reconstruct the gauge-parameter superfields by means of the recursive equations (4.12),
we also need lowest order data for them. These are the zero order supergravity gauge
parameters (4.6). To obtain the last couple of equations we used the additional condition
that Ψmn and Ψˆpq are the linearized curvatures of Σm and Σˆp.
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5. Iterative Procedure and Superfield Reconstruction
The next step is the derivation of the recursion equations for supergravity superfields.
Acting with Dα and Dˆβˆ on the gauge fixing conditions (4.7), and using the definition
(4.11), it is straightforward to derive the recursion relations from eq. (3.6)
(1 +D)Aαβˆ = (γ
mθ)αAmβˆ (1 + Dˆ)Aαβˆ = (γ
pθˆ)βˆAαp
DAmβˆ = (γmθ)γE
γ
βˆ
DˆAαp = (γpθˆ)γˆE
γˆ
α
DEα
βˆ
= −1
4
(γmnθ)αΩmn,βˆ DˆE
βˆ
α = −
1
4
(γpqθˆ)βˆΩα,pq
DΩmn,βˆ = −(γ[mθ)γ∂n]Eγ βˆ DˆΩα,pq = −(γ[pθˆ)γˆ∂q]E
γˆ
α
(5.1)
(1 +D)Aαp = (γ
mθ)αAmp (1 + Dˆ)Amβˆ = −(γpθˆ)βˆAmp
DAmp = (γmθ)βE
β
p DˆAmp = −(γpθˆ)βˆE βˆm
DEαp = −
1
4
(γmnθ)αΩmn,p DˆE
βˆ
m =
1
4
(γpqθˆ)βˆΩm,pq
DΩmn,p = −(γ[mθ)γ∂n]Eγ p DˆΩm,pq = (γ[pθˆ)γˆ∂q]E γˆm
(5.2)
(1 +D)E βˆα = (γ
mθ)αE
βˆ
m (1 + Dˆ)E
α
βˆ
= (γpθˆ)βˆE
α
p
DE βˆm = (γmθ)γP
γβˆ DˆEαp = (γpθˆ)γˆP
αγˆ
DPαβˆ = −1
4
(γmnθ)αC βˆmn DˆP
αβˆ = −1
4
(γpqθˆ)βˆCαpq
DC βˆmn = −(γ[mθ)γ∂n]P γβˆ DˆCαpq = −(γ[pθˆ)γˆ∂q]Pαγˆ
(5.3)
(1 +D)Ωα,pq = (γ
mθ)αΩm,pq (1 + Dˆ)Ωmn,βˆ = −(γpθˆ)βˆΩmn,p
DΩm,pq = (γmθ)βC
β
pq DˆΩmn,p = −(γpθˆ)βˆC βˆmn
DCαpq = −
1
4
(γmnθ)αSmn,pq DˆC
βˆ
mn =
1
4
(γpqθˆ)βˆSmn,pq
DSmn,pq = −(γ[mθ)γ∂n]Cγ pq, DˆSmn,pq = (γ[pθˆ)γˆ∂q]C γˆmn
(5.4)
A given superfield appears in two groups of equations in order that both its θ and θˆ
components are fixed. Inside each group there is an iterative structure (see [4] and [5])
which allows us to solve those equations recursively given the initial conditions and there
is a hierarchical structure among the different groups of equations which allows us to solve
them subsequently. To provide the initial data, we identify the lowest-components of the
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matrix superfield A in (3.3) with supergravity fields
A =


0 0 0 0
0 gmp + bmp + ηmpφ ψ
βˆ
m ωm,pq
0 ψαp f
αβˆ cα pq
0 ωmn,p c
βˆ
mn smn,pq

+O(θ, θˆ) , (5.5)
where the linearized gravitational connection and curvatures are given by
ωm,pq = (∂pgmq − ∂qgmp) + (∂pbmq − ∂qbmp) + (ηmq∂p − ηmp∂q)φ ,
c βˆmn = (∂mψ
βˆ
n − ∂nψ βˆm ) ,
smn,pq = (∂mωn,pq − ∂nωm,pq) ,
(5.6)
and, analogously, for ωmn,p and c
α
pq.
In the following we give the component-expansion for the physical superfields Amp,
E βˆm , E
α
p and P
αβˆ, up to second order in both θ and θˆ. The corresponding curvatures
can be easily computed from the defining equations (5.6). The component-expansion of
the auxiliary superfields is given in appendix B.
Amp = (g + b+ ηφ)mp + (γmθ)βψ
β
p − (γpθˆ)βˆψ βˆm + (γmθ)β(γpθˆ)γˆfβγˆ
− 1
8
(γmθ)β(γ
nrθ)βωnr,p − 1
8
(γpθˆ)βˆ(γ
qrθˆ)βˆωm,qr
+
1
8
(γmθ)β(γ
nrθ)β(γpθˆ)γˆc
γˆ
nr −
1
8
(γmθ)γ(γpθˆ)βˆ(γ
qrθˆ)βˆcγ qr
+
1
64
(γmθ)β(γ
nrθ)β(γpθˆ)γˆ(γ
qsθˆ)γˆsnr,qs + . . .
E βˆm = ψ
βˆ
m + (γmθ)γf
γβˆ +
1
4
(γpqθˆ)βˆωm,pq − 1
4
(γmθ)γ(γ
pqθˆ)βˆcγ pq
− 1
8
(γmθ)γ(γ
nrθ)γc βˆnr +
1
4
(γpqθˆ)βˆ(γpθˆ)γˆ∂qψ
γˆ
m
− 1
32
(γmθ)γ(γ
nrθ)γ(γpqθˆ)βˆsnr,pq +
1
4
(γmθ)γ(γ
pqθˆ)βˆ(γpθˆ)γˆ∂qf
γγˆ
− 1
32
(γmθ)γ(γ
nrθ)γ(γpqθˆ)βˆ(γpθˆ)γˆ∂qc
γˆ
nr + . . .
(5.7)
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Eαp = ψ
α
p −
1
4
(γmnθ)αωmn,p + (γpθˆ)γˆf
αγˆ +
1
4
(γmnθ)α(γpθˆ)βˆc
βˆ
mn
+
1
4
(γmnθ)α(γmθ)γ∂nψ
γ
p −
1
8
(γpθˆ)γˆ(γ
qrθˆ)γˆcα qr
+
1
4
(γmnθ)α(γmθ)γ(γpθˆ)βˆ∂nf
γβˆ +
1
32
(γmnθ)α(γpθˆ)γˆ(γ
qrθˆ)γˆsmn,qr
+
1
32
(γmnθ)α(γmθ)γ(γpθˆ)βˆ(γ
qrθˆ)βˆ∂nc
γ
qr + . . .
Pαβˆ = fαβˆ − 1
4
(γmnθ)αc βˆmn −
1
4
(γpqθˆ)βˆcα pq −
1
16
(γmnθ)α(γpqθˆ)βˆsmn,pq
+
1
4
(γmnθ)α(γmθ)γ∂nf
γβˆ +
1
4
(γpqθˆ)βˆ(γpθˆ)γˆ∂qf
αγˆ
+
1
16
(γmnθ)α(γmθ)γ(γ
pqθˆ)βˆ∂nc
γ
pq −
1
16
(γmnθ)α(γpqθˆ)βˆ(γpθˆ)γˆ∂qc
γˆ
mn
+
1
16
(γmnθ)α(γmθ)γ(γ
pqθˆ)βˆ(γpθˆ)γˆ∂n∂qf
γγˆ + . . .
It is easy to verify that this expansion satisfies the gauge conditions (4.7) and that all
auxiliary fields have been eliminated and reexpressed in terms of derivatives of physical
supergravity fields.
The next step is to insert the expansion (5.7) into the definition of the vertex operator
(3.5) and recombine the worldsheet one-formsXz andXz¯ in order to get a more manageable
expression. However, it makes sense to provide such expression for an interesting example
in sec. 7.
We have to notice that the vertex operator V(1,1) contains only the superfield Aαβˆ
which encodes all the needed information regarding the supergravity fields, which however
appear at higher orders in θ’s and θˆ’s. This is sufficient for amplitudes computations, even
though the measure factor on zero modes in the correlation functions has to soak up plenty
of θ’s and θˆ’s ([23], [19], and [24]).
6. Gauge Fixing for Massive States
In the previous sections, we explored the gauge fixing for the massless sector of open
and closed string theory. However, the spectrum of string theory contains infinitely many
massive states defined, in the closed string case, by the equations
[
QL,V(1,1)n
]
= 0 ,
[
QR,V(1,1)n
]
= 0 ,
[
L0,L + L0,R − n,V(1,1)n
]
= 0 , (6.1)
where L0,L =
∮
dz z Tzz and L0,R =
∮
dz¯ z¯ T¯z¯z¯. The index n denotes the mass of the state.
Even if these equations can be solved by expanding the vertex operators V(1,1)n in terms of
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the building-blocks ∂θα, ∂¯θˆαˆ, Πm, Π¯m,..., it is convenient to fix a gauge as in the massless
case and then solve the equations by an iterative construction as shown in the previous
section. However, since we cannot explore the complete set of vertices and provide a gauge
fixing for each of them, we propose a definition of gauge fixing based on new anticommuting
and nilpotent charges to be imposed on the physical states. This resembles the Siegel gauge
(where the corresponding charges are bL,0 =
∮
dz z bzz and bL,0 =
∮
dz¯ z¯ bˆz¯z¯ where bzz and
bˆz¯z¯ are the left- and right-moving antighosts) used in string field theory to eliminate all
auxiliary fields and to define the propagator for the string field.
We introduce the following charges “dual” to the BRST operators
KL =
∮
dz θαwα , KR =
∮
dz¯ θˆαˆwˆαˆ . (6.2)
They are nilpotent and anti-commute. They are not supersymmetry invariant as can be
directly seen by the presence of θα and θˆαˆ. This in fact implies that we are choosing
a non symmetric gauge which can be viewed as a generalization of the Wess-Zumino
gauge condition in 10 dimensions. It eliminates the lowest non physical component of the
superfields and it fixes the auxiliary fields – appearing at higher order in the superspace
expansion – in terms of the physical fields and their derivatives. In addition, KL/R are not
invariant under the gauge transformations (A.4) , but their gauge variations are BRST
invariant because of the pure spinor conditions
{QL,∆LKL} = 0 , {QR,∆RKR} = 0 , (6.3)
Moreover, KL/R have the following commutation relations with the BRST operators
{QL,KL} = D + JL , {QR,KL} = 0 , (6.4)
{QR,KR} = Dˆ + JR , {QL,KR} = 0 ,
where
D =
∮
dz : θαdα : , JL =
∮
dz : λαwα : (6.5)
Dˆ =
∮
dz¯ : θˆαˆdˆαˆ : , JR =
∮
dz¯ : λαˆwˆαˆ :
Acting on superfields F (x, θ, θˆ), we have that {D, F} = DF and {Dˆ, F} = DˆF . The
ordering of fields in the operators D, Dˆ, JL and JR is needed to define the corresponding
currents. The operators are gauge invariant under (A.4) because of (6.3). The main
difference with respect to Siegel gauge fixing in string field theory is that in that case bzz
and bˆzˆzˆ are holomorphic and antiholomorphic anticommuting currents of spin 2.
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In the case of the open superstring, denoting by Q and by K the BRST and gauge
fixing operators, the gauge condition on the massless vertex operator V(1) = λαAα is given
by
{K,V(1)} =
∮
dw
(
θαwα
)
(w)
(
λαAα(x, θ)
)
(z) = θαAα = 0 . (6.6)
We notice that the field θα in K is harmless for massless vertices, but it will give a nontrivial
contribution in the massive case. In the latter case one has to add a compensating non-
gauge invariant contribution on the r.h.s. of (6.6) in order to compensate the fact that K
is not gauge invariant under (A.4).
Applying Q on the left hand side of (6.6), applying K on the equation {Q,V(1)} =
λγmλAm(x, θ) = 0 and using the commutation relations (6.4), we obtain
(D+ 1)V(1) = λγmθAm . (6.7)
Eliminating the ghost λα, we end up with equation (1.5) for the superfields Aα and Am.
This procedure can be clearly generalized to massive states. First, we discuss the closed
string case, then we show an example for the first massive state for open superstrings
and, finally, we show that the zero momentum cohomology satisfies the same equations
generalized to zero modes.
For closed strings, we reproduce the gauge fixing (4.7) by the following conditions
{KL,V(1,1)} = 0 , {KR,V(1,1)} = 0 (6.8)
and, for the gauge parameters Λ(1,0) and Λ(0,1) in eq. (4.1), by the gauge condition
{KL,Λ(1,0)}+ {KR,Λ(0,1)} = 0 . (6.9)
which coincides with (4.9). Applying the BRST charge on the left hand sides of (6.8),
acting with KL and KR on equations (2.3), and finally using the commutation relations
(6.4), we derive the conditions for the iterative equations given in the previous section.
Let us show that the gauge fixing (6.6) also fixes the gauge transformations in a
suitable way for the first massive state of the open superstring V(1)1 , leading to a recursive
procedure to compute the vertex operator in term of the initial data, a multiplet of on-shell
fields containing a massive spin 2 field [6].
A general decomposition of V(1)1 in terms of fundamental building-blocks is given by
V(1)1 = ∂λαAα + λα∂θβBαβ + λα : ΠmCαm : +λα : dβDβ α : (6.10)
+ : λαNmn : Eαmn+ : λ
αwβλ
β : Fα
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and its gauge transformation is generated by
δV(1)1 =
[
Q,Ω
(0)
1
]
, (6.11)
with
Ω
(0)
1 = ∂θ
βΩβ+ : Π
mΩm : + : dβΩ
β : + : Nmn : Ωmn+ : wβλ
β : Ω .
The decompositions are based on the requirement that the vertex operator should be
invariant under the gauge transformation ∆ given in (A.4). A further gauge transformation
of Ω
(0)
1 would be a variation of a negative ghost number field. The only one is the antighost
wα, but there is no gauge invariant operator only with wα without λ
α. Notice that we have
to add a (BRST-invariant) compensating term of the form wγmnpqλ in order to reabsorb
the non-invariance of K.
Imposing (6.6), we get
Aα + θ
βBβα = 0 , θ
αCαm = 0 , θ
βD αβ = 0 , (6.12)
θβEβmn+
1
1440
[
(γmn)
α
γD
γ
α − (γmn)αγθγFα
]
= 0 ,
1
2
(γmnθ)βEβmn−Dαα+2θαFα = 0 .
This gauge fixing can be reached by adjusting the parameters Ωα,Ωm,Ω
α,Ωmn and Ω.
Using equations (6.12) and applying the operator D, we obtain the iterative relations to
compute the vertex. The gauge fixing (6.12) fixes only the supergauge part of the gauge
transformation. This gauge does not fix the physical gauge transformation of the massive
spin 2 system [25].
Finally, we show that the measure for zero modes satisfies the gauge fixing proposed
above. In fact, by restricting the attention to zero momentum cohomology, we supersede
K with the differential
K0 = θα0
∂
∂λα0
(6.13)
which acting on V(3) = (λ0γmθ0)(λ0γnθ0)(λ0γpθ0)(θ0γmnpθ0), yields
K0V(3) = 0 . (6.14)
Similarly, for the closed superstring, the ghost number (3, 3) cohomology representative
satisfies the corresponding gauge fixing.
Even if the gauge fixing is not manifestly supersymmetric, the supersymmetry of the
target space theory is still a symmetry. As usual, in the Wess-Zumino gauge, a supersym-
metry transformation must be accompanied by a gauge transformation to bring the vertex
to the original gauge. This means that
δǫ[K,V] + [K, δV] = 0 (6.15)
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where δV = [Q,Ωǫ], δǫV = [ǫαQα,V] and Qα =
∮
dz qα (the supersymmetry generator qα
is given in (A.8)). As an example, we show that Ωǫ can be indeed found for the massless
sector of the open superstring and the extension is similar for the other cases. Equation
(6.15) reduces to
ǫαAα + θ
αǫβQβAα + θ
αDαΩǫ = 0 , (6.16)
which yields
DΩǫ = 0 . (6.17)
Again, this equation can be solved iteratively in powers of θ’s and it follows that Ω = Ω0(x).
(6.17) can be checked explicitly on the solutions (5.7).
7. Non-Constant RR Field-Strength
In [26] sigma models for superstrings in the presence of constant RR field strengths
have been studied. It has been verified that non-(anti)commutative superspaces [27] natu-
rally appear in the presence of that background. A series of applications, from topological
strings to deformed supersymmetric instanton analysis, has then been considered [28]. In
[26], it has also been conjectured that from non-constant RR field strengths one can de-
rive new equal-time commutation relations between coordinates xm and θα living on the
boundaries such as
{θα, θβ} = γαβm xm , (7.1)
generalizing the construction of Lie-algebraic non-commutative geometries to supermani-
folds [7] (for a different example of a Lie-algebraic geometry in superspace see [29]).
The vertex operator for non-constant RR fields strengths is the basic ingredient of this
kind of analysis. Applying our method, we compute the vertex for linearly x-dependent
RR field strengths
Pαβˆ = fαβˆ + C αβˆm xm (7.2)
where C αβˆm is constant. Pαβˆ must satisfy eqs. (3.11), which become γmαβCβγˆm = γmαˆβˆCγαˆ = 0
for the specific ansatz (7.2)6.
6 Equations (3.11) can be rewritten in terms of forms by decomposing Pαβˆ according to
Dirac equations. For example, for type IIB we have the 1-form Pm, the 3-form P[mnp] and the
5-form F[mnpqr]. Solving the Bianchi identities we get Pm = ∂mA, P[mnp] = ∂[mAnp],... and the
field equations are ∂mPm = ∂
2A = 0, ∂mP[mnp] = ∂
m∂[mAnp],... These can be solved in terms of
quadratic polynomialsA(x) = (10 a(mn)−a
r
r ηmn)x
mxn, A[mn] = (10 a[mn],(rs)−a
t
[mn,t]ηrs)x
rxs,...
where a(mn), a[mn],(rs),... are constant background fields.
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We remind the reader that, in the constant field strength case, V(0,0)zz¯ = qαfαβˆ qˆβˆ ,
where qα and qˆβˆ are the supersymmetry currents given in (A.8). So it is easy to see
that equation (2.7) is verified with V(1,1) = χαfαβˆχˆβˆ , which is clearly BRST invariant (see
(A.9) and (A.10)). Since in the θ and θˆ expansions of the auxiliary and physical superfields
Aαβˆ,...,P
αβˆ (see eqs. (5.7) and appendix B) the number of bosonic derivatives acting on
physical zero-order components grows with growing order in θ and θˆ, it is clear that the
ansatz (7.2) will correspond to only a few non-zero terms in the expansion. Actually, the
highest-order contributions are θ4θˆ2 and θ2θˆ4 terms. Here we give the explicit expressions
for Aαβˆ
Aαβˆ =
1
9
(γmθ)α(γmθ)β(γ
pθˆ)βˆ(γpθˆ)γˆ(f
βγˆ + C βγˆn xn)
+
1
180
(γmθ)α(γmθ)γ(γ
pθˆ)βˆ(γpθˆ)γˆ(γ
qrθˆ)γˆ(γqθˆ)δˆC γδˆr
+
1
180
(γmθ)α(γmθ)δ(γ
nrθ)δ(γnθ)γ(γpθˆ)βˆ(γ
pθˆ)γˆC γγˆr ,
(7.3)
The remaining superfields are given in app. C. To obtain the vertices V(1,1) and V(0,0)zz¯
for the linearly x-dependent RR field strength we have to insert (7.3) and the superfields
given in app. C back into (3.1) and (3.5).
For the unintegrated vertex operator we find
V(1,1) = χαfαβˆχˆβˆ
+ χα
[(
xmδαγ δ
βˆ
γˆ +
1
20
(γqmθˆ)βˆ(γq θˆ)γˆδ
α
γ +
1
20
(γnmθ)α(γnθ)γδ
βˆ
γˆ
)
C γγˆm
]
χˆβˆ
(7.4)
while for the integrated vertex operator V(0,0)zz¯ we obtain
V(0,0)zz¯ = qαfαβˆqβˆ
+ qα
[
xsδαγ δ
βˆ
γˆ +
1
4
(γrsθ)α(γrθ)γδ
βˆ
γˆ +
1
4
(γpsθˆ)βˆ(γpθˆ)γˆδ
α
γ
]
C γγˆs qˆβˆ
+
[
−1
6
(∂xm +
1
10
θγm∂θ)(θγmγ
rsθ)−Nrs
]
(γrθ)αC αβˆs qˆβˆ
+ qαC αβˆs (γr θˆ)βˆ
[
−1
6
(∂¯xp +
1
10
θˆγp∂¯θˆ)(θˆγpγ
rsθˆ)− Nˆrs
]
(7.5)
The complicated structure of V(0,0)zz¯ prevents from a simple analysis of superspace
deformations as in [26], and this will be discussed in a separate publication [30].
8. Vertex Operators with RR Gauge Potentials
In presence of D-branes, one can ask which states couple to them and which vertex
operators describe such interaction. As it was discussed in [8] in the framework of RNS
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formalism, one has to construct the vertex operators for RR fields in the asymmetric
picture.7 In addition, a propagating closed string (i.e. with non vanishing momentum)
emitted from a disk or a D-brane, has to be off-shell. Therefore, one needs to break the
BRST invariance by allowing a non vanishing commutator with QL,0+QR,0 where QL/R,0
are the picture conserving parts of BRST charges in the RNS formalism. In particular
in [9] the authors construct a solution of [QL,1 + QR,1,W ] = 0, where W is the vertex
operator in the asymmetric picture.
In the present section, we construct analogous vertices for closed superstrings which
do not satisfy the classical supergravity equations of motion, but modified superfield con-
straints. They allow a description of the RR gauge potentials, in contradistinction to the
on-shell formalism case, where only the field strengths Pαβˆ appear. First of all, there are
some important differences. The two BRST charges QL and QR contain a single term and
therefore the decomposition used in [9] is not viable. In addition, there are no different
pictures (in the usual sense) for a given vertex since there are no superghosts associated to
local worldsheet supersymmetry. There is, however, the possibility of constructing two op-
erators which resemble the picture lowering and raising operator, as suggested by Berkovits
[31], but the implications of this new idea have not been explored yet.
Nevertheless we can construct an off-shell formalism by considering the following com-
bination of vertices with different ghost numbers:
V(2) = V(2,0) + V(1,1) + V(0,2) , (8.1)
where the notation V(a,b) stands for vertex operators with the left ghost number a and
with the right ghost number b. The ghost number of the l.h.s. is just the sum of the
ghost numbers. Notice that if we insert a single V(2) vertex in an amplitude where all the
other vertices have definite ghost number, only the central part V(1,1) of the vertex V(2)
does contribute. In principle, we have to add all the possible terms
∑∞
i=−∞ V(1+i,1−i).
However, only the antighosts wzα and wˆz¯αˆ, which have to be gauge invariant under (A.4),
carry a negative ghost number and higher conformal spin. This is not the case in the RNS
formalism where the presence of a worldsheet index is compensated by the worldsheet
ghosts that carry conformal spin −1.
The general form of V(2) is given by
V(2) = λαλβG(αβ) + λαλˆβˆAαβˆ + λˆαˆλˆβˆGˆ(αˆβˆ) . (8.2)
where G(αβ), Aαβˆ and Gˆ(αˆβˆ) are superfields of the variables x
m, θα and θˆαˆ. The superfields
G(αβ) and Gˆ(αˆβˆ) are symmetric in the spinorial indices and they are defined up to the
7 We thank M. Bianchi for suggesting the present analysis.
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algebraic gauge transformations
δG(αβ) = γ
m
αβΣm , δGˆ(αˆβˆ) = γ
m
αˆβˆ
Σˆm , (8.3)
which leave only the 5-form parts unfixed.
Instead of imposing the equations (2.3) separately for the left and the right sector, we
then impose the modified condition
[QL +QR,V(2)] = 0 , (8.4)
which leads to the equations
DαAββˆ +DβAαβˆ − γmαβAmβˆ = −DˆβˆG(αβ) ,
DˆαˆAαβˆ + DˆβˆAααˆ − γmαˆβˆAαm = −DαGˆ(αˆβˆ) ,
DαG(βγ) +DβG(γα) +DγG(αβ) = γ
m
(αβGγ)m ,
DˆαˆGˆ(βˆγˆ) + DˆβˆGˆ(γˆαˆ) + DˆγˆGˆ(αˆβˆ) = γ
m
(αˆβˆ
Gˆγˆ)m ,
(8.5)
The first two equations are consistent generalizations of the first two equations in (3.6).
The other two equations emerge from the ghost number three part of (8.4). They are
equations of motion for the auxiliary fields G(αβ) and Gˆ(αˆβˆ). It has been shown in the
context of spinorial cohomology [13] that the third and fourth equations have non-trivial
solutions. Therefore, the first and second equations are deformations of the usual super-
field constraints. In the limit G, Gˆ→ 0 one recovers the usual on-shell supergravity. It is
interesting to note that the way supergravity equations and/or on-shell superspace con-
straints are relaxed in order to go off-shell follows very closely the case of N=1 SYM theory
[14] presented in [13]. In fact, in those papers the authors considered an extension of d=10
N=1 SYM theory by relaxing the superspace constraint F(αβ) ≡ D(αAβ)−γmαβAm = 0 (cf.
the introduction for the notation) by introducing a self-dual 5-form F(αβ) = J
[5]
(αβ). In the
present case, the relaxation of the on-shell constraints is again due to two 5-forms G(αβ)
and Gˆ(αˆβˆ). The 5-form J
[5]
(αβ) satisfies the constraint D(αJ
[5]
βγ) − γm(αβJγ)m = 0 due to the
Bianchi identities. The solution of these identities by means of the spinorial cohomology
shows that the 5-form is not completely constrained, but it allows extensions of the super-
space equation of motions. In the same way, the conditions for G(αβ) and Gˆ(αˆβˆ) constrain
them, but allow a certain useful modifications of the supergravity equations of motion.
Eqs. (8.5) are invariant under the gauge transformations
δV(2) = [QL +QR,Ω(1)] , Ω(1) = λαΘα + λˆαˆΘˆαˆ . (8.6)
which imply
δAαβˆ = DαΘˆβˆ + DˆβˆΘα , (8.7)
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δG(αβ) = γ
m
αβΣm +D(αΘβ) , δGˆ(αˆβˆ) = γ
m
αˆβˆ
Σˆm + Dˆ(αˆΘˆβˆ) .
In the last equations we have summed (8.3) to (8.6). The gauge parameters Θα and Θˆαˆ
are not forced to satisfy consistency conditions as in (2.9) and (2.10). Nevertheless, eqs.
(8.5) are gauge invariant because of the second and the third equations of (8.7).
Following the previous section, we can require a suitable gauge fixing to reduce the
auxiliary fields by imposing
{KL +KR,V(2)} = 0. (8.8)
This gauge condition yields
2θβG(αβ) + θˆ
βAαβˆ = 0 , θ
αAαβˆ + 2θˆ
αˆGˆ(αˆβˆ) = 0 , (8.9)
which partially fix (8.7). Notice that the lowest component of Aαβˆ is chosen to be kept
unfixed and (8.9) can be regarded as a condition on G and Gˆ. In this gauge the lowest
component of Aαβˆ is not gauged away and for example we can identify the θ
2 and θˆ2
component of Aαβˆ as the RR potentials
Aαβˆ = . . .+ a
γˆ
α (γmθˆ)γˆ(γ
mθˆ)βˆ + aˆ
γ
βˆ
(γmθ)γ(γ
mθ)α + . . . (8.10)
where a γˆα and aˆ
α
γˆ are the RR potentials. Those potentials can also be found in the lowest
components of the superfields E γˆα and E
α
γˆ .
As a consistency condition we observe that
{QL +QR,KL +KR} = (D + Dˆ) + (JL + JR) , (8.11)
and by using (8.6) and (8.8) we obtain a consistency condition for V(2). It can be checked
that the vertex V(2) satisfies this new constraint and this condition does not fix the physical
gauge transformations.
The natural question is how to extend the analysis of the previous sections in the
present case. We have to rederive the complete set of descent equations in order to provide
all the equations of motion. The generalized vertex operators are given by the collection
V(1)z¯ = V(2,−1)z¯ + V(1,0)z¯ + V(0,1)z¯ , (8.12)
V(1)z = V(1,0)z + V(0,1)z + V(−1,2)z ,
V(0)zz¯ = V(1,−1)zz¯ + V(0,0)zz¯ + V(−1,1)zz¯ .
It is easy to show that all equations (3.6) are deformed by the presence of new fields. By
setting those fields to zero we recover the on-shell supergravity equations.
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9. Antifields and the Kinetic Terms for Closed String Field Theory
In the present section, we derive the set of antifields for the massless sector of closed
string theory. We discuss the couplings of the fields to the antifields for a closed string field
theory action and, finally, we propose a kinetic term which leads to the correct equations
of motion taking into account the presence of selfdual forms. This section is structured
as follows. We first recall some basic facts about the field theory of open superstrings,
mainly focusing on the relation between fields and antifields, their coupling and the ki-
netic terms yielding the linearized equations of motion. Following the analogy with closed
bosonic string field theory, we then construct the antifields and the kinetic terms for closed
superstrings. Since in the present paper we never dealt with non-linear extensions of su-
pergravity equations, we do not discuss generalizations of Witten’s string field ⋆-product
for open superstring. Similarly, it is outside of the scope of the present paper to construct
a full-fledged closed string field theory and we limit ourselves to a specific sector of the
theory.
9.1. Open Superstring (Antifields and the Kinetic Term)
One of the most important ingredients in the construction of an off-shell extension
of superstring theory is the Batalin-Vilkovisky formalism. Associated to each field of the
theory ϕs (the index s denotes a collection of fields with the same ghost number G(s)),
there is an antifield ϕ∗s , whose BRST variation corresponds to the equations of motion
of ϕ∗. The set of antifields for open superstring theory at the massless level has been
discussed in [1] (see also [32]). The generalization at the massive level is straightforward,
and the ghost-for-ghosts for higher massive spin fields has to be taken into account.
Following the notation of the previous sections, we introduce the string field Φ
(1)
o
which has the general decomposition (at the massless level)
Φ(1)o = C + λ
αAα + λ
αλβA∗(αβ) + λ
αλβλγC∗(αβγ) . (9.1)
The truncation at order three in the ghost fields is justified by the absence of any coho-
mology at ghost number greater than three8 and the only cohomology at ghost number
three is the zero momentum cohomology constructed in terms of
C∗αβγ = C
∗(γmθ)α(γ
nθ)β(γ
rθ)γ(θγmnrθ) (9.2)
where C∗ is constant. The expansion of Φ
(1)
o into powers of λα accounts for different target
space fields: the ghost superfield C, the spinorial part of the connection Aα, the antifields
8 There is a simple way to establish the absence of cohomology at ghost number higher than
three by using supergeometrical arguments discussed in [33] and references therein.
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A∗(αβ) and the antifield C
∗
(αβγ) of the ghost fields. The interpretation as target space fields
with different ghost and antifield numbers is discussed in [34] and as rigid symmetries of
the target space in [35]. In order to assign a total (worldsheet plus target space) ghost
number to Φ
(1)
0 , the target space ghost numbers must be +1 for the field C, 0 for Aα, −1
for A∗αβ, and −2 for C∗αβγ . They coincide precisely with the usual assignment of ghost and
antifield number for theories with irreducible gauge symmetries. The ghost number zero
superfield Aα contains the gauge field am(x) and the gluino ψ
α(x), the ghost number −1
superfield A∗αβ contains the antifields a
∗,m of am(x) and ψ
∗
α of ψ
α(x).
The main properties are the following:
i) The string field Φ
(1)
o = Φ+o + Φ
−
o is decomposed into fields Φ
+
o and antifields Φ
−
o
which have the expansions
Φ+o =
∑
s,G(s)≥0
ϕsΦ
+
o,s , Φ
−
o =
∑
s,G(s)<0
ϕ∗sΦ
−
o,s . (9.3)
where Φ+o,s and Φ
−
o,s form two basis for fields and antifields, respectively.
If the inner product 〈A,B〉 = ∫ dµ(−3)AB is defined by using the measure9∫
dµ(−3)V(3)0 = 1 , V(3)0 = (λ0γmθ0)(λ0γnθ0)(λ0γrθ0)(θ0γmnrθ0) , (9.4)
the antifields Φ−o are dual to the fields Φ
+
o according to the relation∫
dµ(−3)
(
Φ+o Φ
−
o
)
=
∑
s,s′
∫
dµ(−3)(ϕsΦ
+
o,s)(ϕ
∗
s′Φ
−
o,s′) =
∑
s
∫
d10xϕsϕ
∗
s . (9.5)
The integration over the Grassman coordinates is prescribed by the measure dµ(−3).
ii) The antifields Φ−o couple in the action to the BRST variation of fields. Therefore,
the unique choice is
S∗ =
∫
dµ(−3)
(
Φ−o QΦ
+
o
)
. (9.6)
It is easy to check that the antifields ϕ∗s correctly couple to the variation of the fields ϕs.
A term of the form S∗ =
∫
dµ(−3)
(
Φ−o QΦ
−
o
)
vanishes because of the ghost number of Φ−s .
iii) Finally, a kinetic term for the fields can be constructed. Since the inner product
defined above is non-degenerate, one can check that the kinetic term
SK =
∫
dµ(−3)
(
Φ+o QΦ
+
o
)
, (9.7)
yields the correct linearized equations of motion. It has been verified that, for massless
fields, the above equation leads to the correct component action for N=1 SYM in d = (9, 1).
It would be very interesting to check if (9.7) also leads to an action for free massive higher
spin fields [36](see also [37]).
.
9 An expression for dµ(−3) is given in [24].
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9.2. Closed Superstrings (Antifields and the Kinetic Term)
We base our construction on the bosonic closed string field theory. We follow the
notations and the definitions given in [18] and we provide a translation in terms of our
formulation.
In closed string theory a generic string field Φ(1,1) has ghost number (1, 1) and the
usual form for the kinetic term
∫
dµ(−3,−3) ΦQΦ given above cannot work. In fact the
BRST operator QL +QR has ghost number (1, 0) + (0, 1), the measure has ghost number
(−3,−3) and it is not possible to saturate the ghost number properly. In [18], it was proven
that the kinetic term for bosonic closed string theory
Sc = 〈Φ(1,1)|c−0 (QL +QR)|Φ(1,1)〉 , (9.8)
where c−0 = cL,0− cR,0 (cL/R,0 are the zero modes of diffeomorphisms ghosts) leads to the
correct equations of motion. Moreover, string field theory actions have the property to
reproduce not only the action for the physical fields (in the case of bosonic closed string
field theory, eq. (9.8) yields the action for the graviton, for the NS-NS two form and for
the dilaton), but also the full BV action with antifields and gauge transformations.
As explained before, removing the restriction of the ghost number of the string field
Φc
10 we can decompose it into Φc = Φ
+
c + Φ
−
c where Φ
+
c =
∑
s,G(s)≥0 ϕsΦ
+
s with G(s)
denoting the ghost number of field ϕs. The other components of Φc, namely Φ
−
c , should
contain the antifields.
The antifields should be dual with respect to the inner product given in (9.8) 〈A|c−0 |B〉,
where A and B are two generic vertex operators.11 Since the fields, the ghosts and the
ghost-for-ghosts are contained into Φ+c with ghost number 0, 1 and 2 respectively, the
corresponding antifields Φ−0 should have ghost number 3, 4 and 5 to be dual to Φ
+
c . In fact
for bosonic closed strings, in order to get a non zero result from the zero mode prescription
〈cL,0cL,1cL,−1cR,0cR,1cR,−1〉 = 1 , (9.9)
for tree level amplitudes, the total ghost number should be 6. (On the sphere, one has to
compensate the anomaly of the left- and right-moving ghost current anomaly). However,
the naive BPZ conjugation of a string field maps Φc into Φ˜c =
∑
s,G(s)<0 ϕ
∗
sΦ˜s. So, in
addition, one has to act with the operator b−0 (where bL/R,0 are the zero modes of the
antighosts)
Φ−c =
{
b−0 ,
∑
s,G(s)<0
ϕ∗sΦ˜s
}
=
∑
s,G(s)<0
ϕ∗s{b−0 , Φ˜s} =
∑
s,G(s)<0
ϕ∗sΦ
−
s , (9.10)
10 We add the subscript c to distinguish it from the open case and we remove the ghost number.
11 In [18], it has been proved that the inner product is not degenerate. However, the gauge
invariance is achieved only if the string field Φc satisfies the two conditions: {b
−
0 ,Φc} = {L
−
0 ,Φc} =
0.
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The b−0 operation has the virtue to correctly reduce the ghost number of the conjugated
string field. In particular, Φ+s , defined above, forms a basis and Φ
−
s forms the dual basis
paired with Φ+s as
〈Φ−s |c−0 |Φ+s′〉 = δs,s′ . (9.11)
Removing the restrictions on ghost numbers, one can show that there is always an element
of the basis Φ−c corresponding to an element of Φ
+
c .
In the present framework, although we have neither the operator b−0 nor the opera-
tor c−0 , we can still construct the antifields
∑
s ϕ
∗
sΦ
−
s paired to the fields
∑
s ϕsΦ
+
s . In
particular for the massless sector Φ+s has the general expansion
Φ+c = Ω+ λ
αΘα + λˆ
αˆΘˆαˆ + λ
αλˆβˆAαβˆ . (9.12)
where Aαβˆ contains the fields, Θα and Θˆαˆ contain the target space ghosts and Ω the
ghost-for-ghosts. 12 Being the measure for zero modes of λα, λˆαˆ, θα and θˆαˆ given by the
following equations ∫
dµ(−3,−3)c V(3,3) = 1 , (9.13)
V(3,3) = (λ0γmθ0λ0γnθ0λ0γpθ0θ0γmnpθ0)(λˆ0γmθˆ0λˆ0γnθˆ0λˆ0γpθˆ0θˆ0γmnpθˆ0) ,
it follows that the components of the expression
Φ−c = λ
αλβ λˆαˆλˆβˆA∗
(αβ)(αˆβˆ)
+ λαλβλγ λˆαˆλˆβˆΘ∗
(αβγ)(αˆβˆ)
(9.14)
+λαλβ λˆαˆλˆβˆ λˆγˆΘˆ∗
(αβ)(αˆβˆγˆ)
+ λαλβλγ λˆαˆλˆβˆ λˆγˆΩ∗
(αβγ)(αˆβˆγˆ)
,
are indeed paired by (9.13) to the different components Φ+c (in the massless sector). The
superfields A∗
(αβ)(αˆβˆ)
,Θ∗
(αβγ)(αˆβˆ)
, Θˆ∗
(αβ)(αˆβˆγˆ)
and Ω∗
(αβγ)(αˆβˆγˆ)
are defined up to the algebraic
gauge transformations
δA∗
(αβ)(αˆβˆ)
= γmαβA
∗
m,(αˆβˆ)
+ γm
αˆβˆ
A∗αβ,m ,
δΘ∗
(αβγ)(αˆβˆ)
= γm(αβΘ
∗
γ)m,(αˆβˆ)
+ γm
(αˆβˆ
Θ∗|αβ|,γˆ)m ,
δΘ∗
(αβγ)(αˆβˆγˆ)
= γm(αβΘ
∗
γ)m,(αˆβˆγˆ)
+ γm
(αˆβˆ
Θ∗|αβγ|,γˆ)m ,
(9.15)
which reduce the number of independent components in order to match the number of
fields present in Φ+c . A long, but straightforward computation shows that∫
dµ(−3,−3)
(
Φ−c Φ
+
c
)
=
∫
d10x
∑
s
ϕ∗sϕs , (9.16)
12 For massive states, we have also to take into account the expansion in the antighost wα as
in (6.10).
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where the Grassman integration is performed according to the measure given in (9.13).
ii) In the next step, we use the above definition to construct a term which relates the
antifields to the BRST sources of the physical fields. Since the gauge transformations are
generated by the BRST charge QL + QR, the term of the action which couples antifields
and BRST variations is
S∗ =
∫
dµ(−3,−3)
(
Φ−c (QL +QR)Φ
+
c
)
. (9.17)
The BRST operator raises the ghost number of the string field Φ+c of one unity, therefore
S∗ =
∑
s
∫
d10xϕ∗sδϕs (9.18)
where δϕs is the BRST variation of the field ϕs which depends on the fields ϕs−1.
iii) As a last step, we have to construct the kinetic term of the closed string field
theory. Since we do not have the operators b−0 and c
−
0 , we cannot follow the bosonic string
field theory analogy. However, in our context we have a new vertex operator with ghost
number 3 of the form
Φ(3) = λαλβ λˆαˆQ(αβ)αˆ + λαλˆαˆλˆβˆQˆααˆβˆ , (9.19)
which has been neglected so far. Q(αβ)αˆ and Qˆα(αˆβˆ) are defined up to the gauge transfor-
mations δQ(αβ)αˆ = γmαβΩmαˆ and δQˆα(αˆβˆ) = γm(αˆβˆ)Ωαm which allow us to take into account
the pure spinor constraints.
We can finally write a kinetic term of the form
SK =
∫
dµ(−3,−3)
(
Φ
(3)
0 (QL +QR)Φ
+
c +
∑
n≥0
(−1)nΦ(3)n Φ(3)n+1
)
, (9.20)
where Φ
(3)
n is an infinite collection of fields of the form (9.19) needed to escape the no-
go theorem of the existence of an action for selfdual antisymmetric forms with a finite
number of fields and covariant [17]. To write action (9.20) we followed the technique
developed in [38] and it has similarity with action proposed in [35] where all the pictures
are taken simultaneously into account introducing new commuting fields. The expansion
of the string fields in terms of powers of these new fields leads to a target space action
with infinite number of fields [39].
The action (9.20) is invariant under the gauge transformations
δΦ+c = (QL +QR)Ω + ∆ , (9.21)
δΦ
(3)
2n = (QL +QR)Γ , δΦ
(3)
2n+1 = (QL +QR)∆ , ∀ n.
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where Ω has total ghost number 1, whereas ∆ and Γ have ghost number 2. Notice that
there is no coupling between Φ
(3)
n and the antifields, because of the ghost number of Φ
(3)
n .
The presence of commuting ghosts λα and λˆαˆ is usually the source of a well-known
problem, an infinite number of equivalent copies of the cohomology, identified by a new
quantum number known as picture. In the context of topological theory the Picture Chang-
ing Operator (PCO) and its inverse have been constructed on the basis of supergeometry
and singular forms [33]. In pure spinor string theory, Berkovits has recently suggested
that the PCO and its inverse can be indeed constructed [31]. This would motivate the
introduction of an infinite number of fields Φ
(3)
n necessary to construct a string field theory
action for closed superstrings.
From the action SK one can derive the equations of motion
{QL +QR,Φ+c }+ Φ(3)1 = 0 , {QL +QR Φ(3)0 } = 0 , (9.22)
Φ
(3)
0 = Φ
(3)
2 = Φ
(3)
4 = . . . ,
Φ
(3)
1 = Φ
(3)
3 = Φ
(3)
5 = . . . .
and for a solution with a finite number of string fields, one gets
{QL +QR,Φ+c } = 0 , (9.23)
Φ
(3)
0 = Φ
(3)
2 = Φ
(3)
4 = . . . = 0 ,
Φ
(3)
1 = Φ
(3)
3 = Φ
(3)
5 = . . . = 0 .
which are the equations of motion discussed in the previous sections. This also confirms
the fact that the fields Φ
(3)
n are not propagating and they are only Lagrange multipliers.
For a solution with finite number of fields, the equations are invariant under the gauge
transformations with ∆ = 0 and (QL +QR)Γ = 0. This coincides with the correct gauge
invariance of the theory.
The action given summing (9.18) and (9.20) has several properties which justify its
form: i) it leads to the correct equations of motion in the space of solutions with a finite
number of fields, ii) it has the correct gauge transformations and it is explicitly supersym-
metric, iii) the relation between fields and antifields is realized, iv) the new operators Φ
(3)
n
play only an auxiliary role and they do not propagate, v) the action avoids the no-go the-
orems about selfdual forms, vi) the action suggests a Chern-Simons-like action in a higher
“dimension” (that can be reduced to the form in (9.18) by discretizing the new dimension)
and can be interpreted as a Chern-Simons action for the supermembrane where one has
to reabsorb 7 ghosts (see [40]).
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10. Outlook
We collected, analysed and studied some of the fundamental ingredients for amplitude
computations in covariant superstring formalism. We showed the power of the present
framework, where we were able to construct a systematic procedure to compute the ver-
tex operators for closed covariant superstrings. We also found a way to relax superspace
contraints and we proposed a tentative closed string field theory action. However, there
are several open questions which were not addressed in this paper: a) the extension of
amplitude computations beyond tree level, b) the computation of deformed superspaces
associated to non constant RR fields [30], c) the analysis of T-duality (it is rather simple
to check T-duality for vertex operators, but a detailed analysis should be done at the level
of sigma model [3], d) the role played by conformal invariance and worldsheet diffeomor-
phisms, last but not least e) a full-fledged field theory for open and closed strings. To
answer some of these questions one should probably follow a more geometrical approach
based on WZW actions [41,42,43].
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Appendix A. BRST Symmetry, Gauge Invariance and the Sigma Model
The field content is xm where m = 0, . . . , 9, two Majorana-Weyl spinors θα, θˆαˆ with
α = αˆ = 1, . . . , 16 and their conjugate momenta ∂xm, pα and pˆαˆ. The Dirac matrices
γmαβ and γ
m
αˆβˆ
are the 16 × 16 off-diagonal blocks of Spin(9, 1) Dirac matrices. They are
real and symmetric and they satisfy the Fierz identities γmα(βγmγδ) = 0. We introduce the
commuting Weyl spinors λα and λˆαˆ, which satisfy the pure spinor conditions
λγmλ = 0 , λˆγmλˆ = 0 ,
and their conjugate momenta wα, wˆαˆ. The solution of the pure spinor constraints can be
only achieved by breaking Lorentz invariance, however we do not need to solve them in the
present paper. It is very important to introduce the supersymmetric invariant composite
operators
dα = pα − 1
2
∂xm(γmθ)α − 1
8
(γmθ)α(θγm∂θ) , (A.1)
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dˆαˆ = pˆα¯ − 1
2
∂¯xm(γmθˆ)αˆ − 1
8
(γmθˆ)αˆ(θˆγm∂¯θˆ) ,
Following Berkovits, we define the BRST operators
QL =
∮
dzλαdα , QR =
∮
dz¯λˆαˆdˆαˆ . (A.2)
which satisfy
Q2L = −
∮
dz λγmλΠm , [QL, QR] = 0 , Q
2
R = −
∮
dz¯ λˆγmλˆΠˆm , (A.3)
where Πmz = ∂x
m + 12θγ
m∂θ and Πˆmz¯ = ∂¯x
m + 12 θˆγ
m∂¯θˆ.
Due to pure spinor constraints, they are nilpotent up to gauge transformations of
wα, wˆαˆ, given by
∆Lwα = Λm(γ
mλ)α , ∆Rwˆα = Λˆm(γ
mλˆ)α . (A.4)
with the local parameters Λm and Λˆm generated by the pure spinor constraints. These
gauge transformations remove the degrees of freedom from the covariant wα and wˆαˆ the
independent dof of the pure spinors λα and λˆαˆ. Gauge invariant operators are
JL =: wαλα : , JR =: wˆαλˆα : , (A.5)
NL =
1
2
: wγmnλ : , NR =
1
2
: wˆγmnλˆ : ,
Following the usual prescription of the BRST quantization rules, we can define the
quantum action as follows
S0 = SGS +QL
∫
d2zwα∂¯θ
α +QR
∫
d2zwˆαˆ∂θˆ
αˆ . (A.6)
where SGS is the Green-Schwarz action in the conformal gauge [6]. Even if this looks
like the usual BRST procedure, we have to notice that the BRST-like operators QL and
QR are nilpotent up to gauge transformations (A.4). This compensates the fact that the
Green-Schwarz action is not invariant under BRST transformations. In addition, we can
always add BRST invariant terms to the action. However, there is no procedure to get
(A.6) from an honest gauge fixing of the Green-Schwarz action (a suggestion is given in
[44]).
By exploiting the different contributions in (A.6), we obtain
S0 =
∫
d2z
(1
2
∂xm∂¯xm + pα∂¯θ
α + pˆαˆ∂θˆ
αˆ + wα∂¯λ
α + wˆαˆ∂λˆ
αˆ
)
, (A.7)
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which is BRST invariant and invariant under the gauge transformation (A.4) if the spinors
λα, λˆαˆ are pure. The action is also invariant under supersymmetry transformations gener-
ated by Qǫ = ǫ
α
∮
dzqα + ǫˆ
αˆ
∮
dz¯qˆαˆ where the explicit expressions for the supersymmetry
currents are
qα = pα +
1
2
∂xm(γmθ)α +
1
24
(θγm∂θ)(γmθ)α , (A.8)
qˆαˆ = pˆα¯ +
1
2
∂¯xm(γmθˆ)αˆ +
1
24
(θˆγm∂¯θˆ)(γmθˆ)αˆ .
These do not anticommute with the BRST operators QL and QR, since
[QL, qα] = ∂χα , [QR, qˆβˆ ] = ∂¯χˆβˆ (A.9)
where χα and χˆβˆ are the BRST-invariant quantities
χα ≡ 1
3
(λγmθ)(γmθ)α , χˆβˆ =
1
3
(λˆγpθˆ)(γpθˆ)βˆ (A.10)
We also introduce the Lorentz currents
Lmn =
1
2
: ∂x[mxn] : +
1
2
: (pγmnθ) : + : Nmn : , (A.11)
Lˆpq =
1
2
: ∂¯x[pxq] : +
1
2
: (pˆγpqθˆ) : + : Nˆpq : ,
which satisfy the following commutation relations with the BRST charges
[QL, L
mn] = ∂Gmn; [QR, Lˆpq] = ∂¯Gˆpq (A.12)
where
Gmn = 1
4
(θγrλ)
(
δ[mr x
n] +
1
4
(θγrγ
mnθ)
)
; Gˆpq = 1
4
(θˆγrλˆ)
(
δ[pr x
q] +
1
4
(θˆγrγ
pqθˆ
)
(A.13)
are BRST invariant. By using the equations of motion from (A.7) it is easy to show
that the currents qα, qˆβˆ , λ
αdα, λˆ
βˆ dˆβ , L
mn and Lˆpq are holomophic and anti-holomorphic,
respectively.
The energy-momentum tensor is given by
Tzz = −1
2
ΠmΠm − dα∂θα − wα∂λα , Tˆz¯z¯ = −1
2
ΠˆmΠˆm − dˆαˆ∂¯θˆαˆ − wˆαˆ∂¯λˆαˆ . (A.14)
where the last term in both expressions is invariant under the gauge transformations (A.4)
which allow us to rewrite T and Tˆ in terms of independent components of pure spinors.
Our conventions for superspace covariant derivatives and supersymmetry charges are
Dα = ∂α +
1
2
(γmθ)α∂m , Qα = ∂α − 1
2
(γmθ)α∂m ,
Dˆαˆ = ∂αˆ +
1
2
(γmθˆ)αˆ∂m , Qˆαˆ = ∂αˆ − 1
2
(γmθ)αˆ∂m ,
(A.15)
which satisfy
{Dα, Dβ} = γmαβ∂m ,
{
Dˆαˆ, Dˆβˆ
}
= γm
αˆβˆ
∂m ,
{
Dα, Dˆβˆ
}
= 0 (A.16)
{Dα, Qβ} = 0 , {Dˆαˆ, Qˆβˆ} = 0 .
34
Appendix B. Solution of the Iterative Equations
We list here the solution up to second order in both θα and θˆαˆ for the superfields
Aαβˆ, Aαp, Amβˆ, E
βˆ
α and E
α
βˆ
.
Aαβˆ = −
1
4
(γmθ)α(γ
pθˆ)βˆ(g + b+ ηφ)mp
+
1
6
(γmθ)α(γmθ)γ(γ
pθˆ)βˆψ
γ
p +
1
6
(γmθ)α(γ
pθˆ)βˆ(γpθˆ)γˆψ
γˆ
m
+
1
9
(γmθ)α(γmθ)β(γ
pθˆ)βˆ(γpθˆ)γˆf
βγˆ + . . .
Aαp =
1
2
θβγmβα(g + b+ ηφ)mp −
1
2
(γmθ)α(γpθˆ)γˆψ
γˆ
m +
1
3
(γmθ)α(γmθ)βψ
β
p
+
1
3
(γmθ)α(γmθ)β(γpθˆ)γˆf
βγˆ − 1
16
(γmθ)α(γpθˆ)γˆ(γ
qrθˆ)γˆωm,qr
− 1
24
(γmθ)α(γmθ)γ(γpθˆ)βˆ(γ
qrθˆ)βˆcγ qr + . . .
Amβˆ = −
1
2
θˆγˆγ
p
γˆβˆ
(g + b+ ηφ)mp +
1
2
(γmθ)γ(γ
pθˆ)βˆψ
γ
p +
1
3
(γpθˆ)βˆ(γpθˆ)γˆψ
γˆ
m
+
1
16
(γmθ)γ(γ
nrθ)γ(γpθˆ)βˆωnr,p +
1
3
(γmθ)β(γ
pθˆ)βˆ(γpθˆ)γˆf
βγˆ
− 1
24
(γmθ)γ(γ
nrθ)γ(γpθˆ)βˆ(γpθˆ)γˆc
γˆ
nr + . . .
E βˆα =
1
2
θγγmγαψ
βˆ
m +
1
8
(γmθ)α(γ
pqθˆ)βˆωm,pq +
1
3
(γmθ)α(γmθ)γf
γβˆ
− 1
12
(γmθ)α(γmθ)γ(γ
pqθˆ)βˆcγ pq +
1
8
(γmθ)α(γ
pqθˆ)βˆ(γpθˆ)γˆ∂qψ
γˆ
m
+
1
12
(γmθ)α(γmθ)γ(γ
pqθˆ)βˆ(γpθˆ)γˆ∂qf
γγˆ + . . .
Eα
βˆ
=
1
2
θˆγˆγ
p
γˆβˆ
ψαp +
1
8
(γmnθ)α(γpθˆ)βˆωmn,p +
1
3
(γpθˆ)βˆ(γpθˆ)γˆf
αγˆ
− 1
8
(γmnθ)α(γmθ)γ(γ
pθˆ)βˆ∂nψ
γ
p −
1
12
(γmnθ)α(γpθˆ)βˆ(γpθˆ)γˆc
γˆ
mn
+
1
12
(γmnθ)α(γmθ)γ(γ
pθˆ)βˆ(γpθˆ)γˆ∂nf
γγˆ + . . .
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Appendix C. Solution of the Iterative Equations for Non-Constant RR Field-
Strength
Here we give the rest of the superfields for non linear x-dependent RR fields strengths.
Aαp =
1
3
(γmθ)α(γmθ)β(γpθˆ)γˆ(f
βγˆ + C βγˆn xn)
+
1
36
(γmθ)α(γmθ)γ(γpθˆ)βˆ(γ
qrθˆ)βˆ(γqθˆ)γˆC γγˆr
+
1
60
(γmθ)α(γmθ)β(γ
nrθ)β(γnθ)γ(γpθˆ)βˆC γβˆr
Amβˆ =
1
3
(γmθ)β(γ
pθˆ)βˆ(γpθˆ)γˆ(f
βγˆ + C βγˆn xn)
+
1
36
(γmθ)α(γ
nrθ)α(γnθ)γ(γpθˆ)βˆ(γ
pθˆ)γˆC γγˆr
+
1
60
(γmθ)γ(γ
pθˆ)βˆ(γpθˆ)γˆ(γ
rsθˆ)γˆ(γrθˆ)δˆC γδˆs
E βˆα =
1
3
(γmθ)α(γmθ)γ(f
γβˆ + C γβˆn xn)
+
1
12
(γmθ)α(γmθ)γ(γ
pqθˆ)βˆ(γpθˆ)γˆC γγˆq +
1
60
(γmθ)α(γmθ)β(γ
nrθ)β(γnθ)γC γβˆr
Eα
βˆ
=
1
3
(γpθˆ)βˆ(γpθˆ)γˆ(f
αγˆ + C αγˆm xm)
+
1
12
(γmnθ)α(γmθ)γ(γ
pθˆ)βˆ(γpθˆ)γˆC γγˆn +
1
60
(γpθˆ)βˆ(γpθˆ)γˆ(γ
qrθˆ)γˆ(γq θˆ)δˆC αδˆr
Amp = (γmθ)β(γpθˆ)γˆ(f
βγˆ + C βγˆn xn)
+
1
12
(γmθ)β(γ
nrθ)β(γnθ)γ(γpθˆ)βˆC γβˆr +
1
12
(γmθ)γ(γpθˆ)βˆ(γ
rsθˆ)βˆ(γrθˆ)γˆC γγˆs
E βˆm = (γmθ)γ(f
γβˆ + C γβˆn xn)
+
1
4
(γmθ)γ(γ
pqθˆ)βˆ(γpθˆ)γˆC γγˆq +
1
12
(γmθ)α(γ
nrθ)α(γnθ)γC γβˆr
36
Eαp = (γpθˆ)γˆ(f
αγˆ + C αγˆm xm)
+
1
4
(γmnθ)α(γmθ)γ(γpθˆ)βˆC γβˆn +
1
12
(γpθˆ)βˆ(γ
qrθˆ)βˆ(γqθˆ)γˆC αγˆr
Pαβˆ = (fαβˆ + C αβˆm xm)
+
1
4
(γmnθ)α(γmθ)γC γβˆn +
1
4
(γpqθˆ)βˆ(γpθˆ)γˆC αγˆq .
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